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a b s t r a c t
The first-fit chromatic number of a graph is the number of colors needed in the worst case
of a greedy coloring. In this short note, we first give counterexamples to some results by
Balogh et al. (2008) [1], and then prove that every n-vertex d-degenerate graph has first-fit
chromatic number at most log d+1
d
n+ 2.
© 2012 Elsevier B.V. All rights reserved.
The first-fit chromatic number χFF (G) of a graph G is the maximum number of classes in an ordered partition of the vertex
set V (G) of G into independent sets V1, V2, . . . , Vk so that for every 1 ≤ i < j ≤ k and for every x ∈ Vj there exists a y ∈ Vi
such that x and y are adjacent. An ordered partition of V (G)with this property is called a first-fit partition of G.
The first-fit partition and the first-fit chromatic number are also called the Grundy coloring and the Grundy number,
respectively. The study of Grundy number dates back to the 1930s when Grundy [8] used them to study kernels of directed
graphs. This coloring concept has been studied under different names, see [5] for details. Christen and Selkow [3] first defined
and studied the Grundy number as a graph parameter. Some recent results can be found in [4,6,7,15]. Results related to
interval graphs can be found in [2,10–12,14].
Recently, Balogh et al. [1] have proved that if G is an n-vertex planar graph, then
χFF (G) ≤ log 4
3
n− log 4
3
7+ 8;
and if G is additionally outerplanar, then
χFF (G) ≤ log 3
2
n− log 3
2
6+ 6.
To get these results, they derived the following theorem. We use n(G) and e(G) to denote the number of vertices and edges
of G, respectively.
Theorem 1 (Balogh et al. [1]). Let F be a family of graphs closed under taking subgraphs. If there exists a constant d ≥ 1 such
that e(G) ≤ dn(G) for every G ∈ F , then for every G ∈ F ,
χFF (G) ≤ log d+1
d
n(G)− log d+1
d
(d+ 4)+ (2d+ 2).
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The theorem was proved by the following lemma.
Lemma 2 (Balogh et al. [1]). Let a1, a2, . . . , at be a sequence of positive integers and d ≥ 1 a constant which satisfy (i)t
ℓ=1 aℓ = n and (ii)
t
ℓ=i(ℓ− i)aℓ ≤ d(
t
ℓ=i aℓ) for 1 ≤ i ≤ t − d. Then
t ≤ log d+1
d
n− log d+1
d
(d+ 4)+ (2d+ 2).
The connection between Theorem 1 and Lemma 2 is as follows. If (V1, V2, . . . , Vt) is a first-fit partition of G, then
(Vi, Vi+1, . . . , Vt) is a first-fit partition of the subgraph Gi of G induced by Vi ∪ Vi+1 ∪ · · · ∪ Vt . So, every vertex in Vℓ has at
least ℓ− i preceding neighbors in Gi. Let aℓ = |Vℓ|. Then we havetℓ=i(ℓ− i)aℓ ≤ e(Gi) ≤ d(tℓ=i aℓ), since Gi ∈ F .
It turns out that Lemma 2, and hence Theorem 1, is true for d ≤ 3 or d ≤ n + 2 but not for general d, see the examples
given below. It is lucky that the results by Balogh et al. [1] for planar graphs and outerplanar graphs were obtained from
Theorem 1 by using d = 3 and d = 2, respectively.
Examples (Counterexamples to Lemma 2). Let ai = 1 for 1 ≤ i ≤ n with t = n and d ≥ 16n. Then tℓ=i(ℓ − i)aℓ
= (t − i)(t − i + 1)/2 ≤ d(tℓ=i aℓ). But (d + 4)(1 + 1d )t−2d−2 > (d + 4)(1 + 1d )−2d−2 ≥ d+416 > n implies t >
log d+1
d
n− log d+1
d
(d+ 4)+ (2d+ 2).
(Counterexamples to Theorem 1.) Let F = {subgraphs of K2pk+1}, where d = pk and p ≥ 16. Then e(G) ≤ 12n(G)(n(G)−
1) ≤ 12n(G)(2pk) = dn(G) for all G ∈ F . For dp ≤ m ≤ d
24−
1
p
, we have Km ∈ F and d
24−
1
p
< d+4
(1+ 1d )
(2− 1p )d+2
. (Since (1 + 1d )d
increases and (1+ 1d )d+1 decreases as d increases, we have (1+ 1d )(2−
1
p )d+2 = (1+ 1d )2d+2−
d
p ≤ 24(1+ 1d )−
d
p ≤ 24− 1p .) So,
χFF (Km) = m ≥ dp > log d+1d (
d
24−
1
p
)− log d+1
d
(d+ 4)+ (2d+ 2) ≥ log d+1
d
m− log d+1
d
(d+ 4)+ (2d+ 2).
The purpose of this note is to provide an upper bound on the first-fit chromatic number similar to Theorem 1 that is
correct for general d. We use the following lemma with a proof simpler than the proof of Lemma 2 to derive the new result.
Lemma 3. If d, a1, a2, . . . are positive real numbers such that ak ≥ k and dak+1 ≥ki=1 ai for all k ∈ N, then ak ≥ (1+ 1d )k−2
for all k ∈ N.
Proof. We prove the lemma by induction on k. Let d′ = ⌊d⌋ + 1. For 1 ≤ k ≤ d,
1
k+1

1+ 1d
(k+1)−2
1
k

1+ 1d
k−2 = 1+ 1d1+ 1k ≤ 1
and so 1k (1 + 1d )k−2 is decreasing for 1 ≤ k ≤ d′. Thus, 1 ≥ 11 (1 + 1d )1−2 ≥ 1k (1 + 1d )k−2 for 1 ≤ k ≤ d′. Hence,
ak ≥ k ≥ (1+ 1d )k−2 for 1 ≤ k ≤ d′. For k ≥ d′ + 1,
ak ≥ 1d
k−1
i=1
ai ≥ 1d

d′
i=1
i+
k−1
i=d′+1

1+ 1
d
i−2
= 1
d
d′(d′ + 1)
2
+

1+ 1d
k−2 − 1+ 1d d′−1
1
d

= d
′(d′ + 1)
2d
+

1+ 1
d
k−2
−

1+ 1
d
d′−1
≥

1+ 1
d
k−2
.
For the last inequality, we can check it directly for 1 ≤ d′ ≤ 4, and for d′ ≥ 5, we have d′(d′+1)2d − (1 + 1d )d
′−1 ≥
d′+1
2 − (1+ 1d′−1 )d
′−1 ≥ 3− e > 0. 
Theorem 4. Let F be a family of graphs closed under taking induced subgraphs. If there exists a positive constant d such that
e(G) ≤ dn(G) for every G ∈ F , then for every G ∈ F ,
χFF (G) ≤ log d+1
d
n(G)+ 2.
Proof. Suppose χFF (G) = t . Choose a first-fit partition (V1, V2, . . . , Vt) of G. For 1 ≤ i ≤ t , let Gi = G[Vi ∪ Vi+1 ∪ · · · ∪ Vt ]
and ak = n(Gt+1−k) ≥ k. Since (Vt−k, Vt−k+1, . . . , Vt) is a first-fit partition of Gt−k and Gt−k ∈ F for all k ≥ 1, we have
dak+1 = dn(Gt−k) ≥ e(Gt−k) ≥
t
i=t−k
(i− (t − k))|Vi| =
k
i=1
ai
for all k ≥ 1. By Lemma 3, we have n(G) = at ≥ (1+ 1d )t−2 and hence t ≤ log d+1d n(G)+ 2. 
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Corollary 5. Suppose G is a graph of n vertices.
(1) If G is d-degenerate, then χFF (G) ≤ log d+1
d
n+ 2.
(2) If G is planar, then χFF (G) ≤ log 4
3
n+ 2.
(3) If G is outerplanar, then χFF (G) ≤ log 3
2
n+ 2.
Proof. These families are closed under taking induced subgraphs. The corollary follows from Theorem 4 and the facts that
e(G) ≤ dn(G) for any d-degenerate graph G, e(G) ≤ 3n(G) − 3 for any planar graph G, and e(G) ≤ 2n(G) − 2 for any
outerplanar graph G. 
The following facts are pointed out by a referee: Irani [9] showed that the first-fit chromatic number of a d-degenerate
graph is O(d log2 n) and Smorodinsky [13] proved that if G is d-degenerate then
χFF (G) ≤ 4d(log2 n+ 1)− 1.
When d →∞ the result in this paper is better than Smorodinsky’s result by a factor of
lim
d→∞
4d
log d+1
d
2
= lim
d→∞ 4d

log2
d+ 1
d

= 4
ln 2
.
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